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Optimality and Guidance for Planar Multiple-Burn
Orbit Transfers

C.-H. Chuang,* Troy D. Goodson," and Laura A. Ledsinger*
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An analysis of the second variation for extremal orbital transfers is presented, as well as a discussion of a multiple-
burn guidance scheme that may be implemented for such transfers. The second variation analysis includes the
examination of the conditions for free final time transfers. A continuous burn transfer is shown to have neighboring
extremals through these conditions. An implicit guidance scheme is explored, which implements a neighboring
optimal feedback guidance strategy to calculate thrust direction and thrust off-times. A new time-to-go formulation
is introduced, which has improved performance for this transfer. This continuous burn guidance scheme is adapted
to multiple-burn transfers. A two-burn guidance problem is simulated.

Nomenclature

= coefficient matrices for a linear time-varying
system, nondimensional (n.d.)

a = semimajor axis, n.d.

d(—) = total derivative of (—)

= eccentricity

= thrust direction, n.d.

= system dynamics, [F, v, riz]T

= gravitational acceleration at sea level, n.d.

= Hamiltonian function

= switching function

= specific impulse of the motor, n.d.

= cost functional

= performance index

= mass, n.d.

= sweepback vectors/variable for free final time,

n.d.

sweepback matrices (fixed final time), n.d.

sweepback matrices (free final time), n.d.

= radius vector, [x y]7, n.d.

= thrust magnitude, n.d.

= time, n.d.

= velocity vector, [ v]7, n.d.

= length of discretized interval

= perturbation of (—)

= control angle, n.d.

= Lagrange-multiplier time history, n.d.

= gravitational constant, n.d.

= Lagrange multipliers for terminal constraints, n.d.

= scalar function of constraints

equality constraint

= constraining function

= transversality condition

= (—) at final time

= quantity at the switching time

= quantity associated with that certain state, control,
state vector
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(o = (—) at initial time
(=) = time derivative of (—)
) = nominal value of (—)

1. Introduction

HE conditions that result from analyzing the first variation of a

cost functional are widely used. These are commonly referred
to as the Euler-Lagrange equations, natural boundary conditions,
and the transversality condition, when dealing with a free final time
problem. Many problems require additional considerations; for ex-
ample, the problem considered here, fuel-optimal orbit transfer, re-
quires consideration of Pontryagin’s maximum principle.

Many researchers have used the first variation to compute ex-
tremal solutions to the fuel-optimal orbit transfer problem. Some
have used them to apply two-point boundary value problem solvers
to optimization problems, forming indirect methods.'~3 Others have
used a partial set of the conditions to form hybrid indirect/direct
methods where certain highly sensitive parameters are optimized
directly.» To the knowledge of the authors, few have made use of
the conditions related to the second variation of the cost functional
of the fuel-optimal transfer problem, and none have been found to
apply the second variation conditions to the multiple-burn prob-
lem. These provide sufficient conditions that, when met, declare an
extremal solution as a locally weak optimal solution.

Once the second variation of the cost functional is verified so that
it is known whether the sufficient conditions are met, the informa-
tion obtained can then be used to implement a guidance scheme.
Guidance is defined to be the determination of a way to follow
a trajectory when presented with obstacles such as environmental
disturbances or uncertainties in navigation data. Two different types
of guidance schemcs exist: implicit and explicit. Implicit guidance
systems are characterized by the fact that the vehicle’s motion must
be precomputed on the ground and then compared with the actual
motion. The equations that need to be solved are based upon the
difference between these measured and precomputed values. The
solutions to these equations are used in the vehicle’s steering and
velocity control. Explicit guidance systems are generalized by the
fact that the vehicle’s equations of motion are modeled and solved
for by onboard computers during its motion. The solutions for the
equations are solved continuously and are used to determine the
difference between where the vehicle’s current motion would even-
tually take the vehicle and its desired final destination. Commands
are then generated to alleviate the anticipated error.

Existing guidance schemes have been presented in various papers.
A guidance scheme that is implemented using a linear tangent law
is presented by Sinha et al.® In a paper by Lu,’ a general nonlinear
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guidance law is developed using two different strategies. One strat-
egy uses optimal control theory to generate a new optimal trajectory
onboard from the start, whereas the other uses flight-path-restoring-
guidance to bring the trajectory back to the nominal. A guidance
scheme that is developed using inverse methods for unthrusted,
lift-modulated vehicles along an optimal space curve is presented
by Hough.? Linearized guidance laws applicable to many different
types of space missions are presented by Tempelman.® These guid-
ance laws are based on fixed and free final time arrivals. Naidu'®
presents a guidance scheme applicable to aeroassisted orbital trans-
fers. This scheme is developed by implementing neighboring opti-
mal guidance and linear quadratic regulator theory. Some interesting
techniques for making the neighboring optimal guidance converge
about the nominal path are introduced in a paper by Powers.!!

The guidance scheme proposed in this paper is an implicit one
that implements neighboring optimal feedback guidance. An im-
plicit guidance system was chosen beause that type of guidance
system handles disturbances well.!? The neighboring optimal feed-
back guidance was chosen because it inherently uses the nominal
solutions. Also, it has the advantage of being a feedback system, as
opposed to open-loop guidance.

In this scheme, the initial orbit exit point is assumed to be per-
turbed from the nominal point, but the boundary condition, spec-
ifying the final orbit, is assumed to be unchanged. The goal is to
use the controller to bring the trajectory back to the nominal path at
some point and still deliver the spacecraft to the proper final orbit
using minimal fuel.

This paper also introduces a new time-to-go scheme based on
discretizing the optimal feedback gains. Although based on the same
concepts of previous methods, this time-to-go scheme requires no
iteration to calculate time-to-go as did previous methods. >4

II. First Variation Considerations

The solution examined in this paper satisfies the conditions related
to the first variation. In the next section, the conditions sufficient for
declaring a minimizing solution will be checked for this transfer. The
transfer examined in this paper is a two-burn transfer. To simplify
initial analysis, a ‘“‘new”” nominal solution has been constructed from
the original transfer. This new nominal solution is just a single-burn
transfer; in fact, it is the last burn of the original trajectory.

Referring to Fig. 1, the singleburn that will be used for the initial
analysis of this multiple-burn transfer is the thrust arc, which is
located between the coast arc and the final orbit. This one-burn
extremal solution has a fixed initial point and fixed transfer time,
but the final point is constrained only in that it must lie on the final
orbit. Specific details about Fig. 1 are elaborated upon in Sec. IL.B.

A. First Variation Conditions
The first-order conditions for this problem have been stated many
times'> and will be given here only briefly. The optimization problem
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Fig.1 Two-burn extremal orbit transfer solution with free final time.

consists of a cost functional [Eq. (1)], state dynamics [Egs. (2-4)],
fixed initial point conditions [Eq. (5)], boundary conditions on the
terminal point [Eq. (6)], and a Hamiltonian [Eq. (7)]; each of these
is expressed as follows:

J = —m(ty) M
F=v @)
v=(T/m)er — (u/r)r (3)
, T
" T ey @
r(to) =T, V(t,,) ="V, m(tn) =m, (5)
¥ XV — yu h
Yo | =| W —u/rx—e"u | — | pe 6)
3 W —p/r)y = v ey
H=va+xf{ze7—-’§r}—xmi %)
m r gnlsp

In Eq. (6), v is the velocity magnitude.
The term 7 is limited between zero and some maximum value
Tinax- The Euler-Lagrange conditions are then

er = _AU/IAlil (8)
T
A = u|:)‘—3 - 3—(%5')’} ©)
r r
Ay ==X (10)
h = (T/mP)A]eT = (=T/m*)|A,| (11

where A, = [A, A,]7 and A, = [A, A,])7. The natural boundary
conditions are

Ac(tf) = —vw + v3v + V4(U2 +w?— w/r+ ;sz/r3)
+vs(uxy/r* — uv)|, =, (12)
Ay(tf) = viw — vau + \)4(;ucy/r3 — uv)

+vs @’ +w’ = p/r + uy?/r¥)i, (13)

Au(tp) = v2z — v3y + va(—yv — zw) + vs2yu — xv)|i =, (14)
ho(t) = =1z + v3x + va(2xv — uy) + vs(—xu — 2wl =, (15)
Am(ts) = =1 (16)

The conditions resulting from applying Pontryagin’s minimum prin-
ciple are

HY < 0, T = Tmax
an
H, > 0, T=0
where
A1) )‘m
H, = —(‘ | + ) (18)
m g()Isp

Note that when the time derivatives of H, are zero, singular arc
solutions may exist. The fact that such a singular arc does not exist
for this problem has been checked numerically.!®

The free final time problem will be considered here. For these
extremal solutions, the final, or transfer, time is selected such that
the transversality condition is satisfied; i.e., the Hamiltonian is zero
atr =1 fo

H(tg) = X7+ Xvl,oy, =0 (19)
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In a previous paper® this problem was given as a maximization prob-
lem (maximization of the final mass). To conform to the convention
used for the second variation,'® it is now stated as a minimization
problem. If an extremal solution to the maximization problem is
given as state time history x(¢), Lagrange-multiplier time history
A(r), and Lagrange multipliers v, associated with boundary con-
ditions, then the extremal solution of the preceding minimization
problem is x(£), (—1) * A(2), and (—1) x .

Additionally, it makes more sense in the guidance problemto con-
sider the control as the angle 6, rather than individual components
of a unit vector. This simplifies the analysis because the control is
now a scalar. Equation (8) may now be restated as

tan(@) = —(Au/Ay) (20)
B. Extremal Solutions

All quantities associated with the solution presented here have
been nondimensionalized so that ;£ = 1 and will be presented here
in that form. The transfer given in Fig. 1 has both the initial orbit
exit point and final orbit entry points free. However, for the guidance
problem it makes more physical sense to consider the initial orbit
exit point as fixed and equal to the optimal choice, for it cannot be
updated once the transfer has begun.

Any burn of any multiburn transfer may also be taken as a com-
plete free final time transfer unto itself; this is a result of conditions
elaborated upon in a previous work." In this case, a one-burn trans-
fer, identified as the thrust arc to the final orbit in Fig. 1, i.e., the last
burn, will be used for initial analysis. The initial point can be chosen
as the one at the very first instant (or shortly thereafter) of thrusting
for the last burn. The final orbit exit point must remain unchanged.
Obviously, for these choices the natural boundary conditions for the
final orbit entry point are still satisfied. This one-burn transfer can
then be considered as a new extremal solution, though to an orbit
transfer problem with a different initial orbit.

Figure 1 displays a two-burn transfer, in fact a descending transfer,
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When the final time is unspecified, the transversality condition
must be satisfied by the nominal solution. This condition is ex-
pressed as

d®
Q(x’uvljv t)!t=tf = ("—"+L> =0 (213)
dt =iy
where
® =, 1)+ P, 1) (21b)
d® 0P 0P .
— =t — (21c)

R PR P
In general, neighboring optimal feedback guidance allows the de-
signer to consider changes in boundary conditions. No such changes
are considered, assuming that the destination orbit was accurately
planned well in advance. Formulation will be made later for both
the fixed and free final time case.
The change in state and costate can be estimated with a linear
time-varying dynamic system:

8% = A(£)5x — B(t)sA (22)
A= —C()dx — AT ()5 (23)

where
AW =f —fuH Hux 249
B() =f.H,'f] 25)
C(t) =H,, —H,, H,'H,, (26)

Evaluating the terms in Eqs. (22-26), for orbital transfer, the par-
tial differential equations for the dynamics and for the Hamiltonian
are

from an orbit with elements a = 3.847 and e = 0.02378 to a o=
final orbit with elements a = 1.5 and e = 0.3333. The apses of T
the terminal orbits are aligned and lie on the x axis. The initial 0 0 —(u/r*)—@ux*/r) Buxy/r’) 0
mass is 1.608 and the final mass is 1.1547 for a nominal transfer 00 Buxy/r®) —(u/r®) — GBuy*/r’) 0
of 19.05 s long. The initial and final arguments of perigee are both 1 0 0 0 0
0 deg. The maximum thrust for the transfer is 0.03 with the value
of gols, being 1.313. This transfer has the transversality condition 01 0 0 0
converged; therefore, it is a candidate fuel-optimal free final time 00 —(T/m) cos(6) —(T/m) sin(6) 0
solution.
@7
ITI. Checking the Second Variation
Extensive derivation of the conditions for the second variation of 0
the cost functional has already been detailed by Bryson and Ho.!$ 0
Equations given in this section only summarize this work and extend fo = | —(T/m)sin®) 28)
it to the orbital transfer problem. (T/m) cos(9)
Considering the second variation of the augmented cost functional
J, anew optimal control problem can be stated. In this new problem, 0
—3Ghx + Ay | 15(ATr)x? —30uy +hx) | 15(Ar)xy
—H 5 + 7 K 5 + 7 00 0
r r r r
=3y +Ax)  15(ATr)xy —33A,y + Aux)  15(ATr)y?
_u[(uys ) B0 3Gy h | BRI
H, = r r r r , (29)
0 0 00 0
0 0 00 0
0 0 0 0 2(T/m*IA, )
the state is 8x, the control du, and the Lagrange multipliers are §A Hyy = (T/m)[\,| (€]}

and dv. The problem can be solved using a sweepback method. For
the problem considered here, x = [rT vI m]T andu = 6.

Hox =0 3D
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Using the sweepback method for nonlinear terminal constraints, as f=—vv(ty) (41d)
is the case for this development, the form for ) and v can be
written as g = v — vau(ty) + 2v3v(ty) (41e)
A1) =P ()éx(t) + 8 (1) dv (32) i = —v; —vu(ty) +2vsu(ty) 411)
= _ j = — t 41
89 = ST(1)sx(t) + V (1) dv (33) J = —vaulty) @l
. . .. k =2vy(t5) (41h)
Since 87 = 0, as dictated by the boundary conditions, dv can be
written as = —v3x(tf) — vay(ty) 411)
dv = =V (1,)8" (t,)8x(1,) (34 q = 2vax(ty) 41p
— 2 —_
ux=(ty)  x@p)y(ty)
vty vy — —’rf + 7 e ()
x(17)y(ty) 5 ©o myr@y)
—uft ——— —ults)v¢ u{t¢) — — 4+ ——
Sey=| T T Wlty) W) =~ + = w“
—y(ty) =y vis) 2y(tp)ulty) — x(t)v(ty)
x(tr)  2x@p)v(ty) —ulty)y(ty) —x(tp)ulty)
L 0 0 0 J

The matrices P, §, and V are computed using the following rela-
tions:

P =P— mm’/a) (35)
S=S—@nn" /o) (36)
V=V—mn" /) (37

Now the matrices P, S, V., m, n, and « are computed from a dynamic
system. The boundary condition equations are given by

Pty = [+ (V") ], (38)
_ T
sep =[v1],_, (39)
V(i) =0 (40)
where in the development for the orbital transfer these are
b ¢ f g 0
c d i j O
Pepy=|f i k 1 0O 41
g j I g0
0 0 0 00
x(t))  3x3(y)  2x(t
bsz[ 3f_ 5f + 3f)
r r I8
y(tp)  3x2(tp)y(y)
+W[ e @1a)
r r
y(tr)  3x%(tp)y(ty)
szm[ 3f_ f5 1
r r
[x(t)  3x(t)y%(ts)
togu| T2 Y (41b)
L r r
Cy(ty)  3y3(¢,)  2y0
d=v3u)’3f_)’5f+)’3f)
| r r r
Cx(tf)  3x(t0)y2(
v (3f _ f)s)’ (f)] @10)
L r r

Following from the assumptions expressed as Eqs. (32) and (33),
the following nonlinear equations for P, S, and V must be integrated
backwards. The results will be used to check the sufficient conditions
governing a minimizing solution,

P=—-PA—ATP+PBP-C 43)
S=—-A"-PB)S (44)
V = STBS (45)
h=—(A" — PB) 1) = an)’ (46)

m= m, m( )= E .
i = STBm, n(ty) = (%) 47

dt
r=rf

& =m"Bm, alty) = (%)ml (48)

The sufficient conditions for a minimizing solution can now be
stated as follows.
Convexity condition:

Hgp(t) > 0 for <t <ty 49
Normality condition:
v existsfor  t, <t <t (50a)
a (1) existsfor  t, <t <l (50b)
Conjugate point condition:
Pty—S®V\()ST()  finite for £, <t <t; (51)

The convexity condition is satisfied for any transfer satisfying
the choice of control. This can be seen by noting that Eq. (30) is
positive definite, irrespective of the time history for the Lagrange
multipliers. _

The term V was found to be negative definite in the required in-
terval. Also, a(¢) was found to be positive definite in the required
interval. Since the normality condition requires that the inverse of
V and «(¢) exists in the interval, this solution is normal. The ele-
ments of the conjugate point matrix were found to be bounded in
the required interval, and then they grew asymptotically at the final
time. Therefore, this solution satisfies the sufficient conditions for
minimizing the cost functional with free transfer time.
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IV. Neighboring Optimal Feedback Guidance

Conveniently, construction of a neighboring optimal feedback
guidance law uses the same information as that required to check
the second variation of the cost functional. As a result, much of
the derivation required of the guidance law has been stated already.
The remaining discussion will describe how to form the feedback
control law and adjust the equations of the bang-bang control for
multiple-burn transfers in a feedback law.

The control 64 for the free final time problem can be found using

80() = —Hg' [(fTP)éx +fISdv]
= —Hy'[fT (P —SV~'57)]ox (52)
and the change in the final time dt, is
dt; = —{[(m" Ja) — (0" ) V'8 T}ox (53)

Evaluating dt; determines when the thrust will be turned off to
complete the transfer.

Note that this continuous feedback law has been constructed by
estimating dv at each instant of time. The feedback law depends
on P, S, and V as functions of time. A particular advantage of the
sweepback method is the solution of P(z,), S(¢,), and V (z,), al-
lowing the guidance law to store these values and propagate them
forward to the current time to calculate the current feedback gain.
The feedback gain may be propagated by integration or more prac-
tically by interpolation between stored values. Use of this control
should keep the trajectory on a neighboring optimal solution and
deliver the spacecraft to the required orbit in the specified transfer
time.

The block diagram for the feedback controller needed for neigh-
boring optimal feedback guidance is shown in Fig. 2, where A((¢)
is the feedback gain for the §(6) equation.

A. Time-to-Go Implementation

Since this problem is a free final time problem, the possibility
exists that the final time will increase and the preceding simulation
will “run out of gains”; this is a familiar issue for neighboring opti-
mal feedback guidance. The approach used in this study is based on
discretizing the gains by N time nodes {t,..., 4, ..., ty}, where
ty is earlier than the nominal . The gains at the nominal 7, would
be infinite and impractical to store. Both the gains for calculating
d,y [see Eq. (53)] and for 80 [see Eq. (52)] are then calculated at
any time by linear interpolation between stored values.

Although the basic premises are the same, this time-to-go formu-
lation differs in various ways from those summarized by Bauer et
al.' Where previous methods iterate to find the indexed time needed
on the neighboring path to equate time-to-go’s on the neighboring
and nominal paths, the method presented here calculates that in-
dexed time with no iteration necessary [Eqgs. (54) and (55)]. Also,
previous methods have used an approximation of dts, whereas this
method uses the entire quantity found in Eq. (53).

To consider time-to-go, the guidance must make active use of the
dz; estimation. Since both the nominal and the actual trajectories
start at #;, dty, can be initially calculated with the gains at that time.
The length of the first guidance interval is then found by relating it
to the estimated time-to-go:

tf + dl‘fl
f

Aty = (—~1) (54)

Then, at the end of the i — 1th guidance interval, the gains at ¢; are
used to calculate dt ;. Using this information, the length of the ith
guidance interval can be computed as

Aty = = ey — 1) (55)

This continues until At is computed as zero or a negative number or
untili = N. Wheni = N, the Nth gain is used for the entire interval
AtSy. Again note here that the reason the Nth gain is used for the
entire last interval is because otherwise the gains would become

Nominal
control
u(t) +
Nominal
trajectory A
x(t) storage u ()
T Sx(t
——:’é&[ Multiplier |
X Ob. bl
al
Sensors quzenrt\;ﬁesc Physical
and < sysem |4
estimator x =f(x,u,t)|

Fig. 2 Diagram of neighboring optimal feedback controller implem-
entation.!
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8 o6 : g
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L B [=d
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@ / S o
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0 1 2 3 4 5 6 7
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Fig. 3 Plot of boundary condition error for continuous guidance: o,
6a; O, e-x component; and O, Se-y component.

infinite and storage of such gains would be difficult. In using such
an approximation, a loss of optimality occurs; however, it is a small
loss and will not greatly affect the end results. When the Nthinterval
ends, the guidance scheme is finished.

The aforementioned scheme can be summarized with this list:

1) Use nominal #; and calculate the comparative time on the neigh-
boring path by use of Eq. (55).

2) Calculate df and dty at 4; by using Eqgs. (52) and (53) with
interpolated values of the variables in these equations. These values
are found by a linear interpolation between stored nominal values.

3) Continue the procedure until Eq. (55) equals to zero or becomes
negative.

Figures 3 and 4 compare guidance performance with and without
this time-to-go formulation. The curves represent the time history
of the boundary condition error, i.e., Eq. (6) evaluated continuously.
Figure 3 makes continuous use of the gains but indexes these gains at
the current actual time without calculating dt . For the perturbation
simulated, the transfer time needs to increase, and this first scheme
must terminate prematurely. Figure 4 makes use of the discretized
gains and time-to-go formulation. This simulation also incorporates
a practical saturation limit on the size of the gains. Upon compari-
son of these two plots, an improvement is evident as a result of the
time-to-go formulation. The boundary condition error in Fig. 4 is
less than that in Fig. 3, although still not exactly zero because of
the small loss of optimality at the end of discretization as previously
stated. Also, where there appears to be a chattering at the final time in
Fig. 3, none is evidenced in Fig. 4. Therefore, this is both a practical
and superior implementation of the continuous burn guidance.

B. Multiple-Burn Guidance

The guidance for multiple burns can also be discretized. For the
two-burn case, discretized guidance using time-to-go is used for
the first burn. The guidance algorithm will place the spacecraft on
the intermediate transfer orbit via the neighboring optimal trajectory.
Since the cost on this coast arc is zero, the spacecraft can coast on this
arc until it reaches the point at which the next burn is to start. Once
the spacecraft reaches this point, discretized guidance using time-to-
go can be used again for the second burn. The boundary conditions
for the second burn should than be satisfied by the neighboring
path. Obviously, there would be a jump in the gain matrices between
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burns, but this is not a point of major concern since the multiple-burn
transfer is handled as if it were numerous one-burn transfers. Thus,
the gains are separate and not dependent from one burn to the next.

‘When there are many burns, this guidance scheme can be extended
in a straightforward manner.

C. Multiple-Burn Guidance Simulation
The guidance scheme detailed earlier was used to recover the
two-burn transfer of Fig. 1 in the presence of an initial perturbation.
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Fig. 8 Plot of boundary condition error for discrete guidance during
the second burn for error in u: o, 8a; O, e-x component; and , de-y
component.
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Fig. 9 Plot of the two-burn orbit transfer with initial perturbation: o,
final orbit; ¢, first burn; X, initial orbit; O, second burn; and A, coast
arc.

Figure 5 shows the boundary condition errors for the first burn given
an initial perturbation of each of the states of 10~3 in nondimension-
alized units. The boundary conditions are satisfied rather well for
this burn. The resulting boundary condition errors for the second
burn are quite small, as shown in Fig. 6.

Figures 7 and 8 show the boundary condition errors during the
second burn for a perturbation of the same magnitude as earlier in
only the x position and the u velocity, respectively. Note that the
error in the boundary conditions is slightly greater in Fig. 8. This
suggests that the spacecraft is more sensitive to disturbances in the
u velocity than in the x position.

The resulting complete orbit transfer trajectory is shown in Fig. 9.
This plot corresponds to the boundary condition errors as shown in
Figs. 5 and 6.

V. Conclusions

Satisfaction of the sufficient conditions for an extremal orbit trans-
fer trajectory has been shown. The neighboring optimal feedback
guidance has been shown to reduce error in the trajectory. Further-
more, a guidance scheme utilizing time-to-go, and therefore appro-
priate to the free final time problem, has been shown to perform
even better. This improved guidance scheme has been formulated
for the multiple-burn problem. The preliminary simulation results
show this practical scheme to be effective.
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